Background: Malaria transmission intensity is traditionally estimated from entomological studies as the entomological inoculation rate (EIR), but this is labour intensive and also raises sampling issues due to the large variation from house to house. Incidence of malaria in the control group of a trial or in a cohort study can be used but is difficult to interpret and to compare between different places and between age groups because of differences in levels of acquired immunity. The reversible catalytic model has been developed to estimate malaria transmission intensity using age-stratified serological data. However, the limitation of this model is that it does not allow for persons to have their seropositivity boosted by exposure while they are already seropositive. The aim of this paper is to develop superinfection mathematical models that allow for antibody response to be boosted by exposure. Method: The superinfection models were fitted to age-stratified serological data using maximum likelihood method.
Conclusion:
The model is important because it can produce more realistic estimates of the duration of seropositivity. This is analogous to Dietz model, which allowed for superinfection and produced more realistic estimates of the duration of infection as compared to the original Ross-MacDonald malaria model, which also ignores superinfection.
Background
Measurement of malaria transmission intensity is important for several reasons. It can be used to assess the impact of public health measures on transmission and to understand epidemiological patterns, such as the age distribution of malaria illness. It can also be used for planning intervention studies and interpreting their results. Malaria transmission intensity is traditionally estimated from entomological studies as the entomological inoculation rate (EIR) but this is labour intensive and also raises sampling issues due to the large variation from house to house. Incidence of malaria in the control group of a trial or in a cohort study can be used but is difficult to interpret and to compare between different places and between age groups because of differences in levels of acquired immunity. For common viral infections such as measles, persons can be classed simply as either susceptible or immune, and the force of infection estimated from incidence data, allowing for the fact that individuals become immune after an infection, an approach first developed by [1] who introduce the catalytic model. For common viral diseases such as measles the presence of antibodies indicates the person has been infected and is immune to subsequent infection, the force of infection can then be estimated directly from antibody prevalence by age in cross-sectional serological surveys. This approach has been used to estimate the force of infection for measles and other infections [2] [3] [4] , using an extension of Muench's method, which allows that the force of infection may vary with age, but assuming that immunity is lifelong.
Drakeley et al. [5] have developed the use of serological data for estimating malaria transmission intensity, using the concentration of antibodies to MSP1 19 measured in surveys of all age groups. They employed a reversible catalytic model, which assumes a constant rate of seroconversion (SCR) and assumes a constant rate of reversion to the seronegative state, independent of the level of transmission. They fitted this model to age-stratified serological data from 12 sites in Tanzania with varying entomological inoculation rate. The model was constrained to fit a single value for the annual rate of reversion to the seronegative state, which was estimated as 0.01393 per year, suggesting that antibodies persist for an average time of 72 years. The authors discussed possible reasons for this long duration. One possible further contributory factor for the estimated long duration is that the model does not incorporate boosting. In high transmission areas, exposure while seropositive prolongs the seropositive state. This feature can be incorporated, allowing each exposure to infection to prolong the seropositive state using a model of superinfection. The aim of this paper is to develop a mathematical model of seropositivity to malaria antigens that allows seropositivity to be prolonged by exposure. The model was validated against the field data used in Drakeley et al. [5] . It was also validated against field data from Bioko, where a change in transmission has been established [6] .
Methods

Ethical statement
Ethical approval was obtained from the institutional review boards of the National Institute of Medical Research of Tanzania, Kilimanjaro Christian Medical Centre, and the London School of Hygiene and Tropical Medicine [5] .
Data source
Two datasets have been used for assessing the malaria transmission intensity. The study design and methods of data collection are similar. The first dataset involved serum samples collected on 250 people in each of 12 villages in three transects (North Pare, South Pare, and West Usambara) with different transmission intensities in Tanzania. The study design has been described in detail elsewhere [5] . The second dataset is a subset of serum samples from the 5th BIMCP survey in 2008 in 18 sentinel sites in Bioko, which was aimed at evaluating malaria intervention using serological measures. The 18 sentinel sites have been grouped into 5 based on geography for purposes of analysis. Group 3 involving three sentinel sites (Rebola, Bakake and Baney) where interventions have seen the most success was identified as the most obvious to model in terms of change in malaria transmission. The study design has been described in detail elsewhere [6] .
Statistical analysis
The superinfection models:
The concept of superinfection has been used to describe periods of infection prolonged by repeated exposure to infection [7] [8] [9] [10] . Persons in endemic areas often have pre-existing partial immunity. But when these persons are removed from exposure the immunity can be lost gradually. When the person is re-exposed while seropositive the level of antibody response can be boosted. A simple way to allow for the antibody response to be boosted by exposure is to consider that each exposure gives rise to an antibody response. This can be thought of as a set of antibody-producing cells that are triggered by the exposure. Suppose the random variable v represents the number of such sets of cells, and x i is the probability P(v = i). For every exposure the value of v has a one-unit increase, and when any of the sets of cells dies the value of v has a one-unit decrease. If the average duration of a set of cells is 1/r, the rate for the transition from v = i to v = i-1 is the product of i and r (i.e. ixr). Because there are i sets of cells the value of v reverts from i to i-1 when any of the i sets of cells dies off (see Figure 1 ).
The compartmental model ( Figure 1 ) can be represented in differential equation as shown in equation (1) below.
where xi = Probability (number of exposures,
These equations can be solved by a standard method, using generating functions [11] .
The basic superinfection model with seroconversion rate, λ, assumed constant over time has been derived as:
where r is the annual rate of reversion from seropositive to seronegative state per exposure. It follows that the number of exposures in a person aged, a follows a Poisson distribution with mean:
Suppose that λ has changed abruptly from λ 1 to λ 2 at a certain point in calendar time, μ, but is otherwise constant for different ages (i.e. λ(t) = λ 1 (t < μ), λ(t) = λ 2 (t ≥ μ)) , and people were observed at time t = μ +c, where c > 0. The seroprevalence at age a at time t is therefore given by:
This is the superinfection model with an abrupt change in seroconversion rate, λ. This model can be used to investigate abrupt changes in malaria transmission in the recent time past.
Estimation of parameters:
In the specification of the basic superinfection model there are two main parameters (λ, r). But in the specification of the superinfection model, which allowed an abrupt change in seroconversion rate there are three main parameters (λ 1 , λ 2 , r). The model was fitted to age-stratified serological data using the method of maximum likelihood. In this model, the dependent variable Y is an indicator variable, meaning that it takes on only the values 0 (= seronegative state) or 1 (= seropositive state). The probability mass function from the Bernoulli distribution -the distribution for the random indicator variable -is:
where 0 ≤ π j ≤ 1 and π j was identified as the probability for a success (arbitrarily y j = 1 is called a success).
The log-likelihood function for the j th observation is: where y j is the indicator variable y j = 1 if person j is seropositive and y j = 0 if they are seronegative, and a j is their age and P(a j ) is the proportion seropositive at age a j . The antibody titre was used to classify individuals as seropositive (or responder) or seronegative (or non-responder) using the mixture model method [12] . Briefly, the distribution of normalized optical density (OD) values was fitted as the sum of two Gaussian distributions -a narrow distribution of seronegatives and a broader distribution of seropositives -using maximum likelihood methods. The mean OD of the Gaussian corresponding to the seronegative population plus three standard deviations was used as the cut-off for seropositivity [6] . A separate cut off was generated for each antigen, say MSP1 & AMA1.
The seroconversion rate (SCR) was then estimated by fitting the superinfection model to the observed seroprevalence data, stratified into yearly age groups, using the maximum likelihood methods. All members of the population become susceptible at a certain age. This is the age when maternal malaria immunity has sufficiently waned to make the children susceptible to infection. This age is an unknown constant, which can be dealt with using several approaches. Remme et al. [4] estimated this age as part of the model specification. Drakeley et al. [5] excluded children below one year and fitted the model to all villages simultaneously, allowing SCR to vary among villages but with the reversion rate constrained to a single value. Drakeley's approach has been adopted to fit the superinfection model. The maximum likelihood estimation of the SCR has been executed using the 'ml' command in Stata for Windows (College Stations, Texas, USA). Briefly, the log-likelihood function of proportion seropositive at age, a, and its first derivatives was evaluated using the Method-d1 evaluators [13] . Ado-files were then written to maximise the likelihood and predict the SCR using the observed age-stratified seroprevalence data.
Results
The superinfection model was compared with the original data from Tanzania. The results showed that estimates of seroconversion rate were higher using the superinfection model than catalytic model (Figure 2 ). This difference was milder when the level of transmission was lower. This suggests that the catalytic model might be underestimating the transmission intensity by up to 31% (Table 1) . The duration is shorter with superinfection model, but still seems too long (Table 1 ). This may be because the model assumes a constant reversion rate. The estimates of seroconversion rate were lower than the predicted entomological inoculation rate (Figure 3) . It may be that the predictive model is no longer valid. The seroprevalence profiles appeared to suggest that the model fits the seroconversion rate quite well but it may be difficult to discriminate the model on the basis of fit alone (Figures 4, 5 and 6 ). The superinfection model was also fitted to data from Bioko (Table 2 ) where a change in transmission has been established using the catalytic model. The superinfection model predicts a change in transmission, which is consistent with the catalytic model ( Figure 7 and Table 3 ). The model, which allowed an abrupt change in seroconversion rate were better fit than the model, which did not assume that seroconversion rate has changed (Likelihood ratio test for AMA1: LR chi2 (1) = 60.11; P-value < 0.0001; and for MSP1 19 : LR chi2 (1) = 3.09; P-value = 0.08).
Discussion
In this paper, a mathematical model of seropositivity to malaria antigens that allows seropositivity to be prolonged by exposure was developed. This model is important because it can produce more realistic estimates of the duration of seropositivity. This is analogous to Dietz model, which allowed for superinfection and produced more realistic estimates of the duration of infection as compared to the original Ross-MacDonald malaria model [14] [15] [16] [17] , which also ignores superinfection. However, some discrepancies may remain, considering the simplifying assumptions included in the model. In particular, the reversion rate may depend on age and the seroconversion rate may also depend on age.
The estimates of seroconversion rates at the 12 villages in Tanzania were lower than Bodker and colleague's predicted EIR [18] . It may be that the predictive model developed by Bodker et al. [18] is no longer valid: the dynamics of malaria transmission might have changed and the data used for the predictive model was collected a decade (1995/96) before the current study by Drakeley et al., to which the model is being applied. The estimate of the mean duration of seropositivity was lower in the superinfection model than the catalytic model but it still seems too long. One possible reason is that the model assumed a constant reversion rate but it may depend on age. For example, in a cohort study of young children, aged six years and below, conducted in The Gambia to investigate the determinants of antibody response longevity, Akpogheneta and collegues have demonstrated that antibodies decayed more slowly among children in the oldest age group and more rapidly among children in the youngest age group [19] . The superinfection model also assumes a constant seroconversion rate but it may also depend on age. For example, Nasell has shown that young children may experience superinfection up to age 5 but it is not common in adults [10] . In a multistrain model, Milligan and Downham found similar conclusions that the fraction of infection increased more rapidly in younger children than in adults as they acquire immunity to different strains of pathogens [9] . In a recent study, Portugal and colleagues held an opposite view that superinfections are uncommon in younger children [20] . A model that allowed the mean duration of seropositivity to depend on age may give a more realistic estimate of the seroconversion rate. A better fit could probably be obtained only at the cost of complex model specification. Future work should consider extending the model to allow the reversion rate to depend on age according to an exponential function. The function can be chosen such that the duration of seropositivity is three years for adults, which is consistent with results from longitudinal studies. A model that allowed the seroconversion rate to drop gradually according to a logistic function is also an important consideration. This may be a more realistic model for how seroconversion rate changes over time than the model that assumes an abrupt change. It may not be possible to fit complex models with age-dependent duration, the parameters may not be identifiable. It may be necessary to consider the mean duration (as a function of age) to be fixed, determined from field data, and then use the superinfection model with the duration parameters fixed, to estimate the seroconversion rate, perhaps with the more flexible logistic function used to estimate trends over time. This then is a topic for further research, to find out if the mean duration can be considered constant for a particular type of antigen and it would be necessary to find reliable estimates. 
